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On the Initial Boundary Value Problems for the
Enskog Equation in Irregular Domains
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The paper is concerned with the Enskog equation with a constant high density
factor for large initial data in L'(R"). The initial boundary value problem is
investigated for bounded domains with irregular boundaries. The proof of an
H-theorem for the case of general domains and boundary conditions is given.
The main result guarantees the existence of global solutions of boundary value
problems for large initial data with all p-moments initially finite and domains
having boundary with finite Hausdorff measure and satisfying a cone condition.
Existence and uniqueness are first proved for the case of bounded velocities. The
solution has finite norm §(supo<,<r fUo+1 X401, 0)) /1 + 02 dy dv, where
¢ =1{10,x) is taken on all possible n-dimensional planes Q(r) in R**! inter-
secting a fixed point and orthogonal to vectors (1, v), ve R™.

KEY WORDS: Enskog equation; irregular domains; H-theorem; initial
boundary value problem.

1. INTRODUCTION

The Enskog equation is a popular model of transport processes in
moderately dense gases.!'® Two alternative approaches based on different
ideas are possible for the mathematical investigation of this equation. An
important specific regularity property of the Enskog equation was observed
by Arkeryd.”’ This property gave a global existence results for large initial
data in dimensions one and two. Similar ideas were used in ref 2 for
getting existence results for the modified Boltzmann equation.

Getting global results for the Enskog equation with large initial data
in the style of Di Perna and Lions or more regular solutions faces an
obstacle, in that classical entropy estimates for the Enskog equation do not
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664 Heintz

exist. The lack of symmetry in the Enskog equation implies that the classi-
cal sign estimate for the entropy production is no longer valid.

Resibois in ref. 15 introduced a new modified H-functional for the
Enskog equation. Estimates for this functional useful for an existence proof
were given in ref. 4.

This modified H-functional and the appropriate entropy estimates
for the case of an infinite space and for a periodical box was an essen-
tial ingredient in the theory of global existence in L., and for the
global existence and uniqueness in the class of functions with the norm
[ (supo<, <7 fUt, x+ 01, 0))(1 +07) dx dp.®

In the present paper we demonstrate an approach for the well posed-
ness of the initial boundary value problems for the Enskog equation in a
bounded domain with irregular boundary and with boundary conditions of
general diffuse reflection form.

In the case of smooth domains useful estimates for the traces of solu-
tions of the kinetic equations which preserve mass can be proved from
some information about the solution inside the domain.® In irregular
domains this approach does not work, and more detailed analysis of the
solutions close to the boundary is necessary. A general analysis of such
problems for kinetic equations was given in refs. 12-14. Results from ref. 14
are essentially used in the present paper. We use the representation
f=fi+ [, for the solution f, where f; is a solution of the collisionless
problem for bounded approximate initial data having compact support.
A new estimate is proved for the entropy flux for the collisionless problem
and irregular boundaries. This estimate is important for the limits of the
approximate solutions of the boundary value problems for nonlinear
kinetic equations. Here finiteness of the Hausdorff measure of the bound-
ary, a kind of cone condition, and a regularity property for the reflection
operator on the boundary are assumed.

The non-local nature of the Enskog collision term causes additional
problems for estimates of the entropy production in the case of domains
with nontrivial boundary conditions. One of the results of the present
paper is an H-theorem for the Enskog equation in irregular domains with
the boundary condition of general diffuse reflection form.

The main results of the paper are existence and.uniqueness of solu-
tions for the initial boundary value problem of the Enskog equation in
irregular domains and large L' initial data with all v-moments initially
finite. This is first proved for bounded and then for unbounded velocities.
The solutions have finite norms which are supremum over collisionless tra-
jectories (¢, x +vr) from the boundary of the domain of (7, x) variables
averaged with weights (1 + 2"} over these trajectories and over the ingoing
velocities v. Our analysis is a combination of methods from the papers.® '
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The boundary conditions introduced here are a straightforward analogy of
the boundary conditions for the Boltzmann equation. The case of the initial
boundary value problems for the Boltzmann equation and for the Enskog
equation in irregular domains with solutions in L' will be presented in a
forthcoming paper.

2. BASIC EQUATIONS AND THE ENTROPY INEQUALITIES

The representation of the Enskog collision operator in the whole of R”
or the periodic case is as follows:

QULN=[ Ik =Sk Sty W) dogdu (21)

£, xR"

S=S(v,v,,u)=c’max((v—v,) u0) (2.2)

where u varies on the hemisphere &, = (u: |u|=1,(v—v,) u=20), k_, k_
are functions of the local density at the point (x —ou) and at the point
(x + ou).

The arguments in f*, f'_ = f,, f, [, = f, are: (x,0'), (x—~ou,v)),
(x,v), (x+ou,v,), where

v =v—u({v—0,) u), V=0, +ul(v—uv,) u) (2.3)

v and v, are pre-collisional velocities of two molecules, v' and v}, are their
velocities after collision. In the following we assume the density factors
constant, k_ =k, =1.

When the gas is situated in some domain  with boundary 0Q it is
natural to assume the functions under the integral in (2.1) to be zero when
the space argument is outside £2.

Let £, (Q)={ue,:x+tuceQ}, L (Q)={ue¥f,:x—usceR}
and y_, y,, and y be the characteristic functions of £, (Q), Z_(Q2),
and Q. Then our assumption implies the following representation for the
collision operator:

QLN =[S~ S (0 —v,) - w) doy i (24)

R

To simplify notations and to exclude characteristic functions from for-
mulas we assume in the following that all functions of the space variable
are zero outside of €2 and that actual domains of integration are delimited
by this requirement.
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The Enskog equation depending on the variables (7, x,v)e R, x
Q2xR"is

)
Lrw. =00 ) @25)
We assume the boundary conditions at the boundary Q2 of the domain Q
to be of the same type as for the Boltzmann equation. Let /' and /'~ be
the distribution functions of molecules, falling on to and reflected by 9.
Then

ft=Rf", xed (2.6)
I )*{f(l, X, 0), if xed8, v-n(x)<0
%V, if xedQ, v-nx)=0

fH, x, v)=f{t, x,v) — f (1, x, v}, if xedQ

where n(x) is a unit normal to 002, at the point x directed towards the inte-
rior of Q. The operator R is assumed to be linear and of local type. At each
xe0Q and at each time ¢ it is defined as an operator, acting on functions
of the argument v alone, with the parametric dependence of x. The case of
irregular boundary 02 will be discussed in the second section.

If there is no emission and absorption of molecules on 09, then the
operator R satisfies the following condition:

f Rf~ |o-n| du=f £ (v-n|do (2.7)
R" R"

The last relation represents a local mass conservation law during reflection
of molecules on 4£2.
Usually it is required that a gas with Maxwell distribution

_B(x) 1 5
M(x,v)= o exp {Tﬁ(x) |v) } (2.8)

interacting with a wall, having the same temperature #(x), must be in a
local equilibrium with the wall. This property implies the assumption:

M*=RM~ (2.9)

for the operator R. As a consequence, if the wall 402 is motionless and has
a constant temperature, then the Maxwell distribution, with corresponding
constant parameters is an exact stationary solution of the Eq. (2.5) with the
boundary conditions (2.6).



Initial Boundary Value Problems for Enskog Equation 667

We will prove a modified form of the H-theorem valid for the Enskog
equation in the case of the gas contained in the domain € with the bound-
ary condition (2.6) satisfying the property (2.7).

The symmetry properties of the Enskog collision operator are valid
also for the form (2.4) of the collision operator in the domain  and imply
the usual relation:

J Q(f,f)(p(x,v)dvdx=%02f (@' +o_—p—0,)
R"x

L, X RTx R"x 2

Xff ((v—0,)-u)dv, dudxdy (2.10)

which implies mass and energy conservation properties.

Several of the following steps of our proof use arguments from ref. 4
for the case without boundary. They are still valid because one only uses
simple changes of variables like reflection with respect to u and shifts with
respect to x, keeping the estimated integrals invariant independently of the
shape of 2. In contrast to ref. 4 we estimate the entropy production during
some interval of time. This has some¢ advantages in the case of bounded
domains.

Using (2.10) with ¢(x, v) =In(f), the invariance of the integral over
dx under shifts, the relation dv dv, = dv’ dv,, and the classical inequality
gllogg—logh)=g—h, we get the following estimate for the entropy
production term:

T
J, L

Of, Hlog fdvdxdt<T (2.11)
02

x

where

r= JZJTI (=) vo—v,) udv, dudvdxdt (2.12)
0 "2 XR'"XR"xQ *

Nf—

Let us introduce the following notations:

pu=|fod Jo=[ofsdv (2.13)

The symmetry properties of the terms in I” when changing the magni-
tude of the vector u, and the invariance of involved integrals under shifts
for ou and —ou in the space variables, give that

T
I":%gz.( J (jp_—j_p)-ududxdt (2.14)
0 ¥ x2



668 Heintz

Several suitable changes of the space variables in the terms under the
last integral sign, imply the following relation:

T
1"=(72j0 pj. ududxdt

f.y(mxs'z

T
=o—2f J p(x) j(x + ou) - u dudx di (2.15)
0 ‘e xa

where L(Q)={ue ¥ x+aueQ}.
At this point we use the property (2.7) of the boundary conditions. It
implies that

ff(x, v)v-n(xydv= jx) nx)=0 for xedf2 (2.16)

Let us introduce notations: 4, ={y: |x —y|<ag}, BAQ)=%,n Q for the
intersection of the ball %, with the domain Q and 04,(Q)=
L(R)u (B, 022) for the boundary of %4,(£2). Then

T
r=c*{ | p(x) () -n(y) dS, dx di
0 Y08 (2)xQ

Using the mass conservation for the Enskog equation in [0, 7] x
#.(2)x R", we obtain:

=g f:d’ L dx p(x, 1) (% fo ds Lga Ay, 5)-n(y)dS,

T 0
=o? [ dx [ di plx, 1) 5 (m(B2),0)~m(#L2), 1) (217)
Q 0 ot

where m(%,(2), t) is a mass of the gas in %,(£2) at time r:

mB(Q), 0= ply.0)dy (2.18)

RB,(82)

Integration by parts over ¢ in (2.17) gives the following result.
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Lemma 2.1. If the boundary condition for the Enskog equation
has the mass conservation property (2.7), then the following estimate for
the entropy production term is valid:

L:LJR" Of, fHin fdx dvds

<io? (L p(x, 0) m(B,($2), 0) a’x—L plx, 1) m(B,(Q), 1) dx> (2.19)

In the case of constant temperature on the boundary, the Darrozes—
Guiraud inequality, Lemma 2.1, estimates for energy and entropy given in
ref. 3 for the case of the Boltzmann equation, and an argument from
ref. 7 imply the following variant of the H-theorem for the Enskog equation.,

Theorem 2.2. Let the temperature on 02 be constant, let 0Q have
H"~! finite Hausdorffl measure. If then boundary conditions preserve mass
and the initial data F, satisfy conditions Fo(l +v? +1In Fy)e LY{(Q x R"),
then the functional

2

H(f)=f fln fdxdo+= p(x, 1) p(y, 1) dy dx  (2.20)
£2x R"® 2 2

B(Q) x

is a decreasing function of ¢, and the following estimates for solutions of the
Enskog equation are valid for arbitrary ¢:

j f(t, %, 0)(1 +v?) dx do< C (2.21)
QxR*

f S, x,v)In fdx dv < Fy(t, x, v) In Fy dx dv
QxR

2 xR"

2 2
+Z <[ F, dx du> (2.22)
2 2 xR

1
ft,x,v)dxdv<—C (2.23)

L)xR";f>w lnw

where constants C are dependent on F, and independent of /.

The strict proof of the lemma and the theorem in full generality for irre-
gular domains follows from Lemma 3.4, Proposition 5.25 and approximation.
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Estimates (2.21)-(2.23) imply that for a fixed large interval of time,
w<2/~1 can be chosen such that

f max(1, |o]) Fy dx do < (128)" C(Q, R) (2.24)
QxR"

o] >wor Fy>w

where below the constant C(£2, R) will be chosen depending on the solu-
tion of the collisionless problem in the domain Q.

3. FORMULATION OF THE PROBLEM

Next we introduce some geometrical notions, requirements and func-
tional spaces and use them for the formulation of the initial boundary
value problem in the case of irregular domains. Several useful results from
ref. 14 are also included. We refer to ref. 11 for the detailed observation of
the geometric measure theory and to ref. 14 for the discussion of a
generalisation of the boundary value conditions and trace properties for the
kinetic equations in irregular domains.

We assume that £ is a bounded domain in R” with boundary 02 having
finite # — l-dimensional Hausdorff measure: H”~Y0Q2) < oc. €% denotes
k-dimensional Lebesgue measure.

The Structure Theorem of Federer''" implies that in the sense of
Favard measure G7~", for almost all points x on the boundary 0Q, the
tangent plane and the normal n(x) exist in the sense of some approxima-
tion. It means that for almost all directions s in R” the projection of such
subsets B e 0Q that do not possess approximate tangent plane, on the plane
Q(s), orthogonal to s, has Favard measure zero. Evidently the same
properties are valid for the domain [0, T]x Q in R"*+1,

Such geometrical properties of the domain 2 are not enough to deter-
mine fluxes for the equations in €. But given properties determine for
the distribution function f{(7, x, v) correct fluxes janganL%nl dG7'dv
averaged over the velocity v.

Let us introduce some notations used below.

o V=0xR" ||flly="Fy|f(x,0)| dx dv.

e D=J0,T]xQxR", T>0, D,=[0,1]xQxR", 0<t<T r=
(t, x,v). A measure associated below with D and D, is the Lebesgue
measure £27* 1

* “/”D: jD If(r” dr and “f”[_,(V): j.V lvlﬁu [flx, )| dxdv, |vlyy=
max(1, |v]),

o IF =00, T]x{(x,0):x€dQ veR", +n(x) v=20}, X=2T0X".



Initial Boundary Value Problems for Enskog Equation 671

e do=da(x)=dtdG}~ ' |v-n| dv is a measure, associated with X%,
Below by statements valid almost everywhere on 2'*, we mean o-almost
everywhere validity.

o I/ lge ={5e |/t x,v)| do and
“ftHL,(zr)=g£t [o]% L2 (2, x, v)| do.

» For a vector ve R", let Q,(v) be the R"-dimensional plane in R**!
intersecting the point 0 e R”*!, and orthogonal to the vector (1, v).

e For a point (¢, y)e R**! let /(y, v) be a straight line in R”*! which
intersects the point (¢, y) and parallel to the vector (1, v)e R"*'.

« Pr, is an orthogonal projection from R"*! to Q,(v) in the direction
parallel to (1, v).

s path,(y, v) = ([0, T]xQ)nl{y, v).
o 17(r,) =inf({s > 0: (1, + 5, x, + s0,0) € 7 }), t¥(x,) = inf({s > 0:

(tpy— 58, xp,—s0,0)€ZH}), vty=(1,, Xp, V).

The following lemmas are proved in ref. 14 and give useful tools for
the analysis of kinetic equations in domains with irregular boundary.

Lemma 3.1. For almost all ve R* and one of the following two
conditions:

(i) for £™-almost all (1, y)e Q,(v),

(i) for 2'xG7 'almost all (£, x)e[0, T]x0Q with (¢, y)=
Pr(t, x), the following statement is valid:

path{ y, v) consists of a finite set of segments on the line /,(y, v) in R"*!:

path,(p, v) =) [al(p, v), bi(y, v)]. (3.1

Lemma 3.2. If feLY[0, T] xR x R"), then for almost all ve R"
and £"-almost all (¢, y)e Q,(v), it follows that |,y ,, » Is Summable and

Jp SUe) de ZJR" JQ,(u) [Z J[

where [a, b] with a, b€ R* means a segment in R* with end points @ and b.

f(r)dﬂ‘] dem dv (3.2)

al(y, v), by, v)]
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Lemma 3.3.
If Y flal(y,v), v} /1 +0*e L'({(Q[v), v): ve R"}), then

[ ] % At o ST+ derdy
R" Q,(U) i

= f+(r)da(r)+f f A0, x,v)dx dv (3.3)
o R"IQ

The analogous relation is valid for integrals of f(b}( y, v), v), f (1, X, v)
and f(T, x, v).

The following lemma is proved in ref. 14 and is analogous to a result
in ref. 17. The proof in the case of irregular boundaries is analogous to the
one in ref. 17, but is based on Lemmas 3.1-3.3 instead of the classical
Gauss—Green formula.

Lemma 3.4. Suppose that Fe LY(D) and (9/0t) F+vV Fe LY(D).

1. Then F has unique traces F* g-almost everywhere on L+,

2. If F* belongs to LYX*) and F(0)e L'(V), then F~ belongs to
LY{>~) and

d
WAy + 1~ - = 1O+ IF Tl 2+ +JD <a |Fl+ vV, |Fi> de (34)

In the theory of kinetic equations, fluxes used in estimates for non
stationary problems are integrals over Q,(v) x R", i.e. they are fluxes pro-
jected in velocity directions and averaged both over the time interval, over
the projection of the boundary and over the velocity.

As a consequence of Lemmas 3.1-3.3 the subsets of the boundary
having zero Favard measure are negligible for kinetic boundary value
problems. On the rest of the boundary G7~'=H""!, an approximate
tangent plane'? is defined and therefore kinetic boundary conditions are
defined A" *-almost everywhere.

The integration by parts along the segments of path,(y, v) valid by
Lemma 3.3 gives a useful substitution of the classical Gauss—Green formula
which is not valid generally in the present setup.

Let us introduce a usual parametrisation of the distribution function

FE( v = ft, + 1, x, + 10, 0), ty=(ly, Xp, 0) €D (3.5)
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for —1*(r,) <<t (x,) and zero otherwise. f*(r,v,) is a shift of the
distribution function after the time 7, along the collisionless paths of
molecules in (7, x) — R"*! space.

0 0
Ef#(r, r)=a—lf(t+r, x+mw,v)+oeV, f(t+1, x+710,0) (3.6)

For functions f constant along the collisionless trajectories and determined
by the initial data f; and the ingoing values /' * we use the notation:

SE )= folry), 1,e{0} xV, and (/) (t,xp)=[f"(r,), r,eX*

We use for the Enskog equation a functional space based on the
parametrisation of D by the segments of path,(y, v). Let us introduce a
norm calculating the supremum over each segment [a’(y, v), b y, v)] for
aa (1, y)eQ/v) and averaging these suprema by the natural surface
measure on the boundary of D over their “ingoing” points (a¥( y, v), v).
Part of the ingoing points lie on {0} x F—the bottom surface of D, and the
remainder on its lateral surface 2'*. The idea of norms calculating the
average of suprema of the distribution function over collisionless paths was
introduced into nonlinear kinetic theory by Toscani in a discrete velocity
setting.'®

Let for the function g(r), re D

Gp(r,)= esssup |g*(s, 1), r,eD
0<s+4,<T

Let L, ; be the space of measurable functions on [0, T'] x V' with
norm

gl 7=1G (o)l Loy + 1G (v Il L)

where roe {0} x V in the first term and v, € Z* in the second.
It is easy to see that the function G,(r) is constant on collisionless
trajectories in D and

aG £(x)
ot

+viGT(I‘)=0

Lemma 3.4 implies that
“GT(rO)HL,(V) + G (. )HL,(L‘*) = IIGT(rT)IlL,(V) + G (x ) LAY ) (3.7)

where t7e{T} x Vand r_eZX ™.
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Let us denote by B*f the trace of the function fe L, , on Z*, then

1Bgl < gl x (338)

It follows from the fact that the supremum over the segments
Lal(y, v), bi(y, v)] of the trajectories estimates boundary values.

Denote by .#(d) the set of all measurable subsets M < V such that for
almost all ve R” the set M, of those x for which (x, v) € M has £" measure
less than o. On such sets the integral form of the Enskog equation has
some additional averaging properties. Let

Fr(d, f)=sup f | f(x, v)| dx dv

M) M

Denote by .#,(J) the set of all measurable subsets M, = X", such that
for almost all ve R" the set M, of those (¢, x,) for which (¢, x,, v) e My,
has £!'x G} | measure less then &. Let

S0, )= sup [ [ (1., 0) do(x,)

H(8) " My
For functions defined both on {0} x ¥ and X * we introduce
F6, f)=7r(0, 0, )+ A0, fT) (39)
A splitting of distribution functions into parts with high and bounded

velocities is used below for the construction of the approximate solutions.
Let

Siolx, v) =min(Fy(x, v), w)  for |v]><w?
and f;, =0 otherwise.
Let us introduce the following splitting of the distribution function:

J=fi+ f.. where f; is a solution of the collisionless problem with initial
data f,.

0
a—tﬁ‘FUfo;:O, on D (3.10)

fr=Rf7, onZX* (3.11)
Jili—o=fios on V (3.12)
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The relevant integral form of the equation for f, is:

FHEO= S0+ [ QM foo fit S5 vyds, on D (313)
0

fE=RI7, on X+ (3.14)
Jelico=feos on V  (3.15)

The argumentation in the present paper generally follows the method
from ref. 3. For the fixed large time interval [0, T,] we choose w <2/7!
large enough to guarantee such estimates of the initial data f,, and ingoing
data f} that they are preserved for re [0, T,]. Therefore we concentrate
mainly on the developments necessary for the case of the initial boundary
value problem and on the methods essential in the case of irregular
domains.

4. BOUNDARY CONDITIONS AND A PRIORI ESTIMATES

The correlation between f; and f, in Eq. (3.13) needs relevant estimates
for the part of /¥ with large velocities and for the unbounded part of f*.

In the case of the unbounded space and in the periodic case f; is trivial.
It is simply a shift of the initial data ( f;y)* bounded, and having compact
support in the v variable.

For the case of the Maxwell reflection operator and convex domains,
properties of collisionless solutions which we are interested in were proved
in ref. 6. Here we present conditions which guarantee the same behaviour
of these solutions in the case of irregular domains and general requirements
for the operator R.

Condition 4.1. Boundary conditions are supposed to be of the
following type,

1
|n-v]

fr xv)= J R(x,v' =) f7(t, x,0") [n(x) V| dv'  (4.1)
n(x) v <0

and are defined at G7]~'-almost all points x on Q2. We assume that
R(x, v’ — v) is non-negative and

R(x,v" > v) < p(|v]) (4.2)

j (I+]el™ o(e))dv<C,, m22 (4.3)

n-v>0
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The flux of energy and the arbitrary amount of the higher moments for
molecules reflected from the boundary are uniformly estimated by the flux
of mass of outgoing molecules. The following requirement is essential in the
case of irregular geometry of the boundary.

Condition 4.2. There is such C >0 independent of points on 02
CM(x)< R(x, v - v) (4.4)

where M(x) is a Maxwell distribution associated with the point x € 0§2. The
temperature 6(x) is uniformly bounded on 022 irom below and from above.

The following property of the operator R follows from (4.4). Let « >0,
% is an arbitrary cone in n-v >0 with vertex at zero and body angle larger
than « Then for some A,> 0 uniformly relatively to x, v and &

f R(x, v' = v) dv > A (4.5)
&

This property means that a molecule which falls on the surface has a
strictly positive probability to be reflected to any body angle larger than «
in the half-space.

One type of entropy estimates in a bounded domain can be proved if
some additional regularity of the reflecting operator R at the boundary is
assumed. In the case of regular boundary this requirement was introduced
in ref. 5.

Condition 4.3. There is a constant C,< oo and a,€[0, 1) such
that

()Rf‘ln(lf]jiF >|v-n|dv

]

J

n-vz

—“Oj . <0f“ In (f—_> lo-nldv< Cylgg +¢5) (4.6)

]

where gF =z f* |v|* [v-n| dv, and the function £ >0 is such that all rele-
vant integrals exist.

Conditions 4.1-4.3 are valid for regular models of reflection and also
for Maxwellian diffuse reflection.®

Next we introduce a geometric assumption which is used for the
specific estimates of the solutions in irregular domains.(!¥
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Condition 4.4 (Cone condition). There exist §,>0 and « > 0 such
that for G7~'-almost all points x € €2 there exists a cone Cone inside Q
with vertex at x, body angle larger than «, and length larger than dJ,,.

Notice that only the estimates of its body angle and length are impor-
tant. By a cone we mean an arbitrary set consisting of segments with a
common end point.

Lemma 4.1. Let Conditions 4.1-44 be satisfied. Let f;o(1 40>+
In fiy) € Lo( V). Then the solution f;e Ly v of the problem (3.10)-(3.12)
exists for arbitrary 7> 0, is unique, conserves mass and has the following
properties. Integrals

I [v}? f:(t, x, v) dx db, f St x,0) |In fi(t, x,v)| dxdv  (4.7)
1 4 Vv

are uniformly bounded with respect to 7 in R*. This also holds for the
mass, energy and entropy flows averaged over the arbitrary finite interval
of time:

'[[1-'+At] Lﬂ R"(l + IUIZ) f;c da’ f[t,t+dl] L}n «[Rn fii In f!‘i do (4-8)

The estimates (4.8) are dependent of A¢, but independent of 1.

Proof. The equation for f;" on 2% is
S =RB=(f})*+RB~(f,0)* (4.9)
Let A={(t,x,0)=(ty+7, x5+ v7,0) (L, x,)€[t,1+4t]x0Q, ve
Cone, [v| <y}, where Cone is the cone from Condition 44 and 1, +7<
L+ A4t

Let us denote the set of “ingoing” points of 4 by A* € Z* and the set
of “outgoing” points of 4 by A, €{t+ 4t} x V. Then

L+f,,+ da:L (f)* dx dv (4.10)

Conditions 4.1 and 4.2 imply that for enough large y the following estimate
is valid:

j fi+v~ndv<CJ' fiondy (4.11)
R'l

Cone, |v| <y

822/90/3-4-11
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The estimate (4.11) and the construction of the set A4 imply that for
the time interval Af<J,/y, equation for f;% can be solved in Ly(X™*)
by a contraction argument, and therefore the solution of the problem
(3.10)—(3.12) exists and is unique. For the arbitrary interval of time the
existence follows by repeating the contraction argument, from the mass
conservation law on the boundary and Lemma 3.4.

Next we will prove the estimate for the entropy flux on the boundary.
Lemma 4.1 and Lemma 5.3 from ref, 14 imply that

fit ‘
f[”m]fmjmf? In == do<C  with g=] JElo-nldv (412)
f j f JEU+ ) do<C (4.13)
[, 14 4] Y02 YR"

If f;* < g then

f[,,,ﬂ,,] J | rrmosr da<j[“+m J | frm, qdo

If /;* > q then the estimate (4.12) implies

f[mm] LQ fm (fFinff+fFIn_q)do

< fjf,%1n+qda+c
[1,1+4t] YO0Q YR"

The standard estimate of f'In_ f, the estimate (4.13) for fluxes of energy
and mass, and the boundedness of ¢ In_ ¢ imply

{["Hm] Lg -[R" St n fi do < [+ 1+ 4] LQ JR" fiin,qdo+C  (414)

The estimate (4.11) implies:

J[,,,M,] L,J iy ‘Id0<CL+fi+ In, gdo+C  (415)

Condition 4.4 implies that

+ + fi+
L+f,- ln+(q)da<L+f,. 1n+<M>da (4.16)
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Using the conservation of f; along the collisionless trajectories and
setting At =9,/y, we get:

J, 1 m (%) d"—“—Lyﬁlm <IM> dx do

Si(t+ 4t)

U )dxdv (4.17)

<[ f,~(t+At)ln+<
vV

Estimates (4.14)—(4.17) imply the statement of the lemma for A1 =4,/y. The
result for arbitrary finite 4¢ follows by the repetition of the proof for the
sequence of time intervals.

A similar proof gives the existence result and the useful estimates for
the solutions of the following boundary value problem:

d
a—tf+vif+f-v=g, on D (4.18)
Sr=Rf", on T+ (4.19)
Sflico=Fo, on V (4.20)

with the function v=0, ve L} (D).

loc

Lemma 4.2. Let fyeL(V), geL, and Conditions 4.1-45 be
satisfied. Then the problem (4.18)-(4.20) has a unique solution in L, and
the following estimates are valid:

[ [ ] 1w s # do < Qo + I8l ) (4.21)
[t t+4:] Y02 YR"

1A L,y < Cla, do, YX I Foll Ly + gy, ;) (422)

where constants C, C(a,d,,y) depend on the geometrical conditions,
on r, and on the properties of the operator R. If the temperature on the
boundary is constant, they are independent on 1.

5. EXISTENCE AND UNIQUENESS IN THE CASE OF
BOUNDED VELOCITIES

This section contains the analysis of the Enskog equation with bounded
velocities. It uses a modified collision operator and the appropriate integral
operator in the integral form of the equation. Let
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QU S =] TS W0 —0,) u)dv, du

Lif*(1,1,) = f dsfy R"f(tb+s Xp+sv+ou v,)
x Wi(v—vy)-u)dv, du

where W,=1 if v?+0%<2% and W,;=0 otherwise. The appropriate
integral form of the problem 18

SH ) = flx) j Q1S )* (s, 1) on D (5.1}
=Rf", on X+ (5.2)
Jlico=Fo, on V (5.3)

For shorter notations, in the following we omit the domain of integration
£, x R" in the collision integrals over dv,, du.

Integrals of the following type are important for the estimates of
operators in the integral form of the Enskog equation. We notice that when
the space argument is outside of the domain Q, functions are assumed be
equal to zero.

Let the function F be such that (8/0t) F+ vV F=0,

T
IT=J. dsj _[ F#(s,0, xp+s(v—0v,)+0ou,v,)
0 RV, *
((v—vy)-u) o*W,dv, du (5.4)

T4,
],,:f dsj f F*(s, ty, x,+s(v—v,) +ou,v,)
0 RV &

+

(0 —vy)-u) e*W,dv, du, t,<T (5.5)

Lemma 5.1:

Ir+ 1, < #7(0;, F) + #(9;, F) (5.6)

for 6,=T2/*'g?n, T< At with 4r=4,/y, chosen such as in the proof of
Lemma 4.1.

Proof. The estimate follows from the following observation. The change
of variables 6*((v—v,) - u), ds du - dx, where x = x,+s(v—v,) + ou, has
Jacobian equal to 1. T|lv—v,]| is a length of a cylinder including the
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domain of integration by x, ¢’z is the area of its bottom. The presence of
W, under the integral implies that |v—v, | <2w =2/ +1in the domain of
integration. Then we notice that the integral over the set M in {¢} x Q by
dx can be transformed to the integral over the projection of the set M in the
direction of the vector (—1, —v,) in R”*! to ([0, T]x0RQ) U ({0})xQ)
with the appropriate measure at each component.

Lemma 5.2. Let

Q_(fi’ f:)# (Ss rb):jf?(s, tb) fz’:#(sa tb!xb
+s(v—v,)+ou,v,)Sdv, du (5.7)
where seR, s>0, r,=(t,x,,0), and r,e{0} xV or r,eX*, S=

max(0, ((v—1uv,)-u)).
Then for T'< At with At =46,/y

T
[ Volnedsydo [ ds Q71 £0* (5,0, x5, 0))
14 0

T—1,
#f oldotn) [ ds Qi 0% (s 10 a0 0)
=+ 0

<(Fr2wa’nT, fio) + H(2wanT, fENU Sl L+ 1/ llgyze)  (5.8)

Proof. Remark that f7(s, 1,, x, +5(0—v,) +0ou, v,) = fi(1, +5, x +
sv+ ou, v, ). We here discuss the second term, the arguments for the first
term being analogous. First the function with v velocity argument in the
collision term is estimated by its supremum over the collisionless trajec-
tories and the integral over v gives the || ||, s+, norm. Then the integral
over duds is estimated by the integral over [0, T]x0Qu {0} xQ as in
Lemma 5.1:

T—y
J |v|§wda(rb)f dsj esssup (f;(tp+ 5, x,+ 50, 0))
zt

0 Oty +s<T
X filty+5, x,+5(0—v,)+s0, +ou,v,)Sdv, du
T—1,
< ”ff"”L,(Z)J dsff,.(tb+s, Xp+5(0—0,)+ 50, +0ou,v,) S dv, du
0
< Fliimy (Fr(2wo™nT, fig) + £ 2won T, £ 1)) (59)

The same estimate as in (5.8) bounds also the trace
B~ {4 Q7 (f, f)* ds of the operator [§ Q~(f; f;)* dson L(Z7):
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Proposition 5.3:

t
HB~ [ o s 1% ds

0

< (fT(ZWfTZﬂT, Jiod + jﬁ,(2waz7zT, f,-+))( I fioll, + ”fi+ HLr():)) (5.10)

L(%)

Lemma 5.4. Ifgel,and 7>0, then

L+ [v], dofx) ,(OT‘tdSJ g*(s, 1, X, 0)

xg*(s, 1, x+s(v—v,)+ou,v,)Sdv, du

+JV o]’y dx dv LT ds j g%(s. 0, x,v)

xg#(s, 0, x +s(v—v,)+ouv,)Sdv,du
<l rlglo,r (5.11)

Proof. The proof follows from the change of variables o*((v —v,)-
u)) 4 duds - dy with y=x+s(v—v,) + ou and the estimates:

T—1
j dsj lg#(s, t, x +s(v—v,)+ou,v,) S| dv, du
0 2, xR

<] lg* sty vl doyg dy <lgl, - (5.12)

Theorem 5.5. Suppose Fo(l +v?)eL;, Fyln Fye L, and Condi-
tions 4.1-4.4 be satisfied.

Then locally in time the problem (5.1)-(5.3) has a unique solution
f7e Ly( V') that conserves mass.

Proof. With f,=0 as the initial approximation, define
Ljfn(t) = Ljfn(ta rb)

t
=J dsjfn(tb—i—s, Xp+sv+ou,v,) W;Sdv, du (5.13)
(]

SEA ) =y i(tp) exp(— L, f,(1)) +L’ dsexp(—L;f1) + L; [,(s))

><J. (fS ) ® (5, ¥5) W,S dv, du (5.14)
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This is equivalent to the equations

FEA ) = Frr80) 4 [ ds [ (Fif e = w1 Son)* (5 %6) WS d,
(5.15)

with f,,, (t,) = F for r,e {0} x Vand f,, (v,}=f},  for t,e 2" and
n+l an+1 (516)

We split the successive approximations f,, of solution into the sum of
the solution f; of the free molecular problem with finite initial data f;,
having compact support and the deviation , f,, = f, — f;. Therefore ,f, are
successive approximations to f,. The equations for , f, have the form:

SEAt )= a0+ [ b [ L4 S oSt oSSt oS =i

—fiefn*_e n+l.fi efn+1 efn* S rb) Wde du
=efn+1(rb)+-f1+«f2+zﬂ3+uﬁ4+-f5+«ﬁr6+zﬁr7+-jrg (5.17)

ef:+1:RB_e n+1 (518)

where , £, 1(ry) = feo=Fo~ fio for v,e {0} x Vand [, , (v,) = . f,/; for
r,€ 2%, The terms . ... % represent the terms in the itegral operators in
given order.

Inserting the Eq. (5.17) into the boundary conditions (5.18) we get the
equation for f}, , with the right hand side dependent on , f, and on the
collision integral:

SHEA=RB ([ ) +RB(fH+H+ - +5) (5.19)

where (,fF, )* denotes a continuation of ,f,7,, constant along colli-
sionless trajectories. The analysis in Lemma 4.1 shows that for T < d,/y the
operator ,f ., = RB~(,f . ,)* in this equation is contracting in Ly(Z*).
Let us denote by « the bounded operator solving the Eq. (5.19) in
Lo(X*). The right hand side of this equation is a sum of two terms:
a bounded operator acting from Ly V) to Lo(2 ") and a bounded operator
acting from Lo p to Lo(2'*). Therefore equations {(5.17) and (5.18) are

equivalent to
FE L) =[LRB-(fH+ A+ +H) )+ A+ + % (520)

for v,e 2™,
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Estimates (5.8), (5.10) imply:

lefasillo,r
<UL+ 2+)
X (I feoll y + 2(Fr(2wa’n T, fio)
+ 42w n T, [N flly + 1 1 54)
+lefullo.r+ lefusrllo, 7+ 372(2wo’aT, fio)
+34,2wa’nT, f)) lefullo,r
+ (S 2wan T, fio) + 5 C2wanT, ) e furillo ) (521)

The estimates of the mass, energy and entropy fluxes on £* for f; in
Section 3 imply that f;* can be splitted into two parts: one part bounded
by w and having compact support |v|><w?, and a singular part /;} such
that by the choice of w its norm | f;}liz+ in Ly(Z™*) can be made
arbitrarily small.

We remark that 7, (4, fi) < |If I |l 5+. Therefore, we can choose w and
T < 4t such that:

(1+ | 2 )( I Qwo™nT, B) + F(2wonT, 7)) <167
(14 ||| ) 2 F(2wa?nT, B) + f(2wan T, f )
x(I1Bly+ 1/ lz+)) <167

for B(x,v)<w, |v|<w. With the constant C(2, R) in (2.24) taken as
C(Q, Ry =(1+ ||| 5+)~" the last estimates imply that ||, f, . [lo < 16"

Taking a difference between approximations for f, of orders n + 1 and
m+ 1, we get:

lefos1= efmerllor
<+l +)
X (3(Jr2wan T, fio) + (2w n T, [ ) lefu— efmllo,z
+(Ir(2wa’nT, fio) + F2wa*n T, ) lefus1— efmsrllor
+UleSollo, 7+ leSmllo, 2+ N et D oS — e Smllo,
Flefallo, 7 lefns 1= efmerllo.r)
Sillefosi—efmerllor+3lefu—efmlo (5.22)
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Therefore, {,f,} 7 is a Cauchy sequence in the | ||o, 7 norm. The limit
/7 gives a unique nonnegative solution f/ = f; + f7 for the Enskog equation
with bounded velocities. The solution is stable with respect to the perturba-
tion of the initial data in Ly( V).

Next we formulate a regularity result useful for a strict proof of the
H-theorem for the Enskog equation.

Proposition 5.6. Suppose the function Fye Ly V) is such that
vV, FoeLy(V) and Q/(Fy, Fy)e Lo(V). Then the solution f given by
Theorem 5.5 exists on a small time interval [0, 7], and (9/0t) fe L, and
vV, feLy ¢

The proposition follows immediately from Theorem 5.5 because the
assumed conditions imply that f, = §f/0t satisfies the following equations:

L fr 0V =0 ) oD (52
Sr=Rf", on X+ (5.24)
f,|,=l=Qj(F0, Fo)—vV, Fy, onV (5.25)

Now to get a strict proof of the H-theorem and Lemma 2.1 at first for the
Enskog equation with bounded velocities we approximate the arbitrary
initial data in Ly( V') by the smooth function, satisfying assumptions of the
proposition and estimated from below by some Maxwellian. For such
initial data the proofs of the H-thecorem and Lemma 2.1 for the Enskog
equation with bounded velocities are valid in a strict sense. The result for
the general initial data follows by approximation and the continuous
dependence of solutions on initial data.

6. ESTIMATES FOR HIGH MOMENTS

The following lemmas contain estimates for various terms of the
integral form of the initial boundary value problem for the Enskog equa-
tion analogous to estimates in ref. 3 for the Cauchy problem. The proofs
in ref. 3 are based on a delicate splitting of the v x v, and v’ x v/, spaces R*"
with different types of estimates in the subdomains of this splitting for the
velocity variables. The realisation of this idea is independent of the domain
@ of space variables. The gencralisation to the initial boundary value
problem with the norms | ||, » and the functionals #r(u, ) and #(y, )
introduced in the present paper follows by a combination of arguments
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from ref. 3 and from the proofs of Lemmas 5.2-5.4. We give in the present
section only a proof for Lemma 6.2, The other estimates are proved in a
similar way.

We notice that #(u, F) = #{u, F)+ %y, F).

Lemma 6.1. Suppose that w2 *<J <<, and that geL},.
Then the following estimate holds:

T—1
do(es) ol [ dt [ (/1844810 * (1 es) S doy

f2+, 1v] > 2k+1

T
+| deydo ol [t [(fig 48 )? (1,0, %,,0) S do, d
V, v] 2k +! 0
SC{1=0) "+ (1 +1*=0*) 7"} ligll,, 7 (6.1)

Here C depends on w but not on f,, k, or T.

Lemma 6.2.

T—1,
do(r,,)lvlij dt-[(fj’.g;-}-g/ Jf_*)#(t,rb)de*du

’[E+,|D|S2k+l
T ! 2 1 F#E
+va|<2ma’x,,dv|leL dt [ (38 + 813 (1,0, %,,0) S do, d

2P F(T2 0%, Fir loly) gl v+ 27 1 fillo, 2 gl r - (62)

Proof. By the symmetry of the estimates under the change of
v v, we treat only the term with /7 g',. We remark that dv dv, = dv’ dv)y
and split the domain of integration into two parts, [0} |<2**? and
|vr*| > 2k+2-

The first part of the integral is estimated by

2R (T2 3002, Fir |0l}y) gy, 7 (6.3)

We use the change of variables o*((v—v,)-u), dsdu—dx, in a small
cylindrical neighbourhood in @, where x = x, + s(v — v,.) + ou. The volume
of such a domain is estimated by T2*+3z5? because

o= v, | <ol + v | <253
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The energy conservation law implies the following sequence of estimates:
012 + [0, 12 = 0] + [0 |2
[olde <1013+ 105 3
ol <T=1o],=1
| = 1=1<|v|3,
013 <272 0|3 105 g
The last incquality together with arguments from the proof of Lemma 5.2
imply the estimate for the first integral.

Substituting |v|,, by |v,|a/2 into the second integral analogously as
in the proof of Lemma 5.4 we get the bound:

277 fllo, 7 Iigllr, 7

Lemma 6.3. Forg,pel’,, 0<é<, and

GT= Sup g#(t’ rb)’ PT= Sup p#([’ rb)

O0<t+14,<T O0<t+4,<T

for v,e X" and r,e {0} x V, the following estimate holds:

fonz dex dv [ g'p!, 1o]" S do, du

S(L4+(1=8)""+g6 12272y hgll,.lple v+ gl +lIpl,, )
+ 27w, Go) Iplly, v+ £ Pr) N gl 1) (6.4)

where u = T2ne 20>

Lemma 6.4. Suppose g, pe L, rand 0<J << 1. Then the following
estimates hold:

T
j drj dxdng'p;um;u +lo,1) S dv, du
0 Vv

LR+ 2 gl i1~ ol ++2108glo, rlph,. ¢
+2(1-8)""ligllo, rlpl,, r
+em¥eT2RH 45, G lIplly. ¢ (6.5)
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T
[Cat | dxao [ gp (1ol +1v,15) S do, du
0 Vv

<222 gl o lpl, r+2lglo, 21PN, 7
2677 #(1, Go) liplly, 7 (6.6)

7. GLOBAL EXISTENCE AND UNIQUENESS IN THE CASE OF
UNBOUNDED VELOCITIES

In this section the solution of the full Enskog equation is obtained as
a strong limit of the solution f7 from Theorem 5.5. The main result of the
present paper is the following.

Theorem 7.1. Suppose that F, >0 is such that Fyln Fye Ly(V),
Foe L(V) for all r=0, Conditions 4.1-4.4 are satisfied, and the tem-
perature on the boundary is constant.

Then the Enskog equation has a unique positive solution f with
11, r< o for r, T>0 and satisfying (2.21), (2.22), (2.23).

Proof. The proof of the theorem begins from the solution of the
equation for the ingoing distribution function f} .

Let [0, T,] be a large time interval and choose w so that (2.24) holds.
Set

(47 (1,0,) = f eXp(_Ljfi(t)+Ljﬁ(S))<Qj(ﬁ+ﬁﬁ+f)#(s, %)
+j(m*># (s,t,) W,S du dv> ds (7.1)

The function f7= 7 — f; satisfies

(D7 ()= fUxg) expl — L fil ) + (AL D7 (8, 1) (7.2)

with fX(r,) = f,o{xp, v) for v,e{0} x V and fi(r,)=f*(x,) for r,e ™
and

S =R (7.3)
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JI* satisfies the equation

SIY=RB™(f1")* exp(— L, f1))
+RB™((feo)* exp(— L, fi(1)) + (A4, /D) *) (7.4)

Lemma 4.2 implies that Eq. (7.4) for f/* has a unique solution in L(Z ).
It can be solved first in Ly(Z'*) by a contraction argument on the interval
of time 7T<d,/y. For the right hand side term g belonging to L(X%),
Condition 4.1 implies that || /7% |5+ < C | fI* ey + 1820y

Let us denote by </, a bounded operator solving the Eq. (74) in
L (27"). Then for xy,e 2+ (7.2) is equivalent to

(fi)# (t’ rb) Z%L{RB_(feO)# exp( —L]ﬁ(t))
+RB™ (A fD)}(x,) exp(—L; fi(1))

HAD* (), 1eXt (7.5)

By using Condition 4.1 and the fact that norms ||<Z, ||, (r+) are bounded for
all r, the scheme of the proof from ref. 3 can be adapted to this initial
boundary value problem.

The following lemmas generalise analogous results from ref. 3 to the
case of bounded domains.

Lemma 7.2. For any felL, ; with

sup J.V f(x, 0, 0)] 0|3 dxdv<4 L,F"(x’ v) |v|3, dx dv

t<T

and 0 <r <1 the following estimate holds:

“B—A}f”Lr():j < ”A}f“r T<4(jT(2wnG'2T’ Jio)
+ 5HQ2wra?T, £7) | fio Iy, 7

+4 0 llo, 2 1/, 7+ CT | Foll vy (7.6)

The following statement gives the uniform estimate for the first
moment of the approximate solution f/ and follows from Lemma 7.2 and
from the energy and the entropy flux estimates of Lemma 4.1.
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Proposition 7.3. T in Lemma 7.2 can be chosen such that

(L s ) CT N foll gy <2567 (1.7)
(1 + [, ]| 1z F(2wnaT, B)
+ 5(2wna®T, f )04 | B, r+1) <256 (7.8)

and the solution /7 of Theorem 5.5 exists on [0, T'] for every j, and
(Ll Nl zey) 1SN, <3271 (7.9)

The estimate is valid also for f, = g such that (2.21)-(2.24) are satisfied by
S 0)=g, 1< Ty, with C(Q, R) = (1 + ||l 1, z+)) "

Lemma 7.4. Given 6, there are T< 4t and u >0 depending on w
and f;, but independent on j such that

Il FL o)+ g, FL o)<, 1T'<T (7.10)

where F{;, (1) :SUP0<t+tb<T’(f{;)# (1, vp).

Proof. 1t is clear that the lemma holds, if F/ ;. is replaced by 2 on
{0} xV,and by B+ f;f on X*. Then F) . <#B+ ff+F} on X", and
FJ . <%+ F%. on {0} x V. Therefore it is enough to proof the estimate for
F(p, F4.). Let

(T +T 3+ T 5+ T )

9“/
T —1, . . R
= s [t 1S L UL Ll LI D® (5 50) WS do d
(7.11)

Excluding negative terms from the Egs. (7.2), (7.5), and using the
monotonicity of <7, we get:

Fi(t,)) S A {RB™F¥ + RB~ (T + - + T,)}1,)
(Tt T, pel’ (7.12)
FLv,) S Folxp, )+ (T + TH+ T+ T W)(r,),  1,e{0} xV (7.13)
The terms independent of j satisfy the lemma. Also for terms with 4, and

7, the bound follows from arguments as in the proof of Lemma 7.2. Let
u=25"2naT,
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J.

+
Forr,e2 ™,

T 4(xp) do(xy)

T —1 Y
[ o) [ "as [ 1L SL0% (50 WS do du
z+ 0

T

ot [ as (U2 A1

N

X WySdv, du+ 27521 f20 o 12

S22 SN, o 1L llo, 7 + sup I \F1 | do(xy) | f21lo,

M) " My

For re 0 x V, the following estimate follows:

[ 7wy dedo <2752 1 f 2 1 Lo

+sup [IFZ pldx dof2lo,

EA0)

691

(7.14)

(7.15)

Integrating inequalities (7.12) and (7.13) over M e V and M,e X", taking
the supreme over Me #(u) and M e #(u), and moving the terms with
|F ;] to the left-hand side, we get the bound which implies the statement
of the lemma:

1/2 ( sup j F/,. do(r,) + sup Firdx dv)

Myp) My Zt M) " MeV

<(1+|IdL|LI(;+)){supI Fodxdv+27%—8

M) MeV

+ sup (T + T+ TNy dolxy)
Hy(p) " MpE ZT

+ sup (F’l+f;+9'g)(r)dxdv}
M(p) " MeV

The following lemma is a consequence of results from Section 6, Lemmas
7.2, 7.4, and Proposition 7.3.
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Lemma 7.5. Let feL, ;. Then the following estimate is valid.

1A, f1, 2 < 277X F2wra? T, B) + S 2waa® T, £ 1 /ol
+CL(1 =)+ (1 +n*—6*) """
+ 272 J(2K 30T, B |ol,) + F(250a? T, £ 1ulhy)
+27W 2724 g (2me 72T, F)] 1 Sl 7
+B+2(1 =0y +ed 2272 Y a2 I f e 721 (7.16)

with w2=%< 8 << n << 1, w, C dependent only on w.

For the case of the whole space it is proved in ref. 3 that the estimates
having the structure as in Lemmas 7.2-7.5 imply useful bounds for f”/
uniform with respect to j. In the case of the initial boundary value problem
the analogous result follows from the regularity property (4.1) of the reflec-
tion operator R and the boundedness of |7 |, y+). The additional
averaging given by the operator R in the term

A { RB™ (A} 1)} (vy) exp(— L, fi(1)) (7.17)

from the integral form of the Enskog Eq. (7.5) and the argumentation
analogous to the proof of Lemma 7.2 imply that the | ||, , norm of this
term is bounded by the value

TC(r)[ 4 Fr(2wra?T, fio) + £(2wna®T, £7)) | fiollh, 7
+4 l|efj||O,THefj||l,T+ CcT ||F0HL2(V)] {7.18)

This estimate and Lemmas 7.2-7.5 imply the following proposition.

Proposition 7.6 {Uniform bound). The values of constants 7,
r=r,, 0, k, & from Lfmma 7.5 and T from Lemma 7.5 can be chosen such
that for 7< T with T and r, dependent only on w and independent on j

/2 ”ro, < Clro)l feo “L,O(V) +25671) (7.19)
For r > r, there is T, depending only on w and r such that for 7, < T,

”fi”r_l, T,< Clr)( ero ||L,7,(V)+256_1)

_ ' (7.20)
1720, 7 < CU S eoll Lovy +25671)

These estimates are valid also for Fy=g when g=f(t,.), 0<t<T,
satisfies (2.21)-(2.24).
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We will prove that the sequence {f7} has the Cauchy property in
L,_, ¢for some T< T, with r =r,. For j, > j consider

(VA A P
<AL A=A f Ly
e, =W (RB™(A] [ = A f IV
<A f2 = A0l o WA 2= A f )
FALl 2, o | (RB(A) fo— A5 SV, 1
1l o I (RB™ (A=A f DN (7.21)
Lemma 7.5 implies that the term |4 f7 —A;f{l, -1, 7 is bounded by
CL(L=8)7"n* + (1 +n* =)+ 27742 g(2*+3062T", B |0,
F PR (R GT, £ (ol 427 Y D=

+

J, @5 [ Q8 () =D LT+ B~ UL

x W;S dudv,

r—1, 7"

Considerations analogous to Lemma 7.5 give that the last term nonlinear
with respect to f, can be bounded by

WfA=F2 o, e 27220 o o+ 2 )
+ 4+ 21 =" LMo, + 1Lf 2 Mlo, 7)
+(j(5_l,u, FilT‘)+/(5_x#9 F{,', T’))zr/2+28—2r5—r}

where = T'2ne 0. The factor 272 2 eX(|| f2Il,_ 7+ | f 2|, 1. 1) can be
made suitably small by a suitable choice of &.

Lemma 7.2 implies that for enough small 7' = 7> 0, depending only
on w, the factor

(FO™ ' Flip)+ (07 1 F 1))
can be maid suitably small uniformly with respect to /7 with initial value
JAT), 0<T<T,. Therefore ”A},fil —A}fi' by o SI2 =S /2

The term sup; ., ||A}lf{,' — A fI -\, r == 0. The proof is
analogous to one in ref. 3 and uses estimates for the integral form of the

822/90/3-4-12
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Enskog equation and a splitting of velocity space for large and bounded
velocities.

An estimate analogous to (7.18) gives that the last term in (7.21) can
be estimated by || /2 — f7/||,_,  multiplied by a number proportional to
T’ = T which can be chosen suitably small. It implies that { f/} is Cauchy
in the || |,_, 7 norm, for all < 7T the sequence {f7(¢)} is Cauchy in the
I I, norm, and f = f;+ f, is a solution of the Enskog equation in integral
form with the boundary conditions, We remark that the length of the
interval is dependent on r. The solution on the large interval [0, 7]
is constructed by induction using the apriori estimates {2.21)-(2.24) and
Proposition 7.6.
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